We study the holographic entanglement entropy under small deformations of AdS, including timedependence. It is found through perturbative analysis that the divergent terms are not affected and the change appears only in the finite terms. We also consider the entanglement thermodynamic first law, and calculate the entanglement temperature and confirm that it is inversely proportional to the size of the entangling region.
I. INTRODUCTION
The holographic principle [1] [2] [3] relates a certain strongly-coupled field theory to a quantum gravity system in one higher dimensions. It is an intriguing proposal, when we note the possibility of spacetime emerging naturally from a quantum system without gravitational degrees of freedom per se. The holographic entanglement entropy (HEE) prescription [4] provides a versatile tool in this line of study, since unlike other probes like Wilson loops which are dual to fundamental strings, it involves model-independent and universal concepts like quantum entanglement and volume-minimizing submanifold etc.
Another valuable insight into this relation is motivated by the so-called AdS/MERA correspondence [5] . MERA, or multi-scale entanglement renormalization ansatz, is a particular version of tensor network method in the study of critical lattice system [6] . In MERA, one considers the real-space renormalized lattice system together with the original lattice system and extremizes the energy of the entire system, from UV to IR. In this picture a holographic direction in AdS/CFT language is incorporated by construction, and one can argue that the metric in the entire space is the hyperbolic space, which is just the constant time slice of AdS. It is certainly of great interest to promote such observations to full-fledged time-dependent backgrounds. Namely, we hope to be able to see propagating gravitons constructed out of time-dependent process in a strongly-coupled quantum system. The present work is a modest step towards that goal and we will study the time-evolution of HEE in time-dependent backgrounds.
The Ryu-Takayanagi proposal has been generalized to covariant formulae to suit generic backgrounds in [7] , and in this paper we will study the behavior of extremal codimension-two surfaces in backgrounds which are small deformations of pure AdS spacetime. There exist works which studied the evolution of HEE in time-dependent setups already, but as far as we know they mostly use a rather special class of metric called AdS-Vaidya solutions, or make use of numerically constructed solutions [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Conceptually our study is more similar to papers such as [25, 26] which adopted a perturbative approach, but we are interested in time-dependendent backgrounds.
In Sec.2 we start by computing the HEE for cap-like regions in global coordinate of AdS, and sketch how HEE can be computed perturbatively in backgrounds with time-dependence.
For simplicity we restrict ourselves to spherically-symmetric backgrounds. In Sec.3 we apply the method to AdS-Schwarzschild black holes and also to the time-periodic solutions of AdSscalar field system constructed in [27, 28] . One generic feature we obtained is that the effect of metric perturbation on HEE starts with the finite part, and there is no change in the leading-order or logarithmically divergent terms. In Sec.4 we use our results to compute the holographic entanglement temperature and verify that it is inversely proportional to the size of the entangling region, with a universal coefficient. We conclude with a couple of comments in Sec.5.
II. HEE WITH METRIC PERTURBATIONS

A. HEE in pure AdS
As a warm-up and also to set up the notation let us consider the holographic entanglement entropy of pure AdS in generic dimensions. The metric convention we take for AdS d+1 spacetime with radius is
where for later convenience we split the S d−1 metric into polar angle θ and unit-radius sphere
In this paper we choose the entangling region on the boundary to be a cap-like one defined by 0 ≤ θ < θ 0 and at boundary time t = t 0 . The holographic entanglement entropy (HEE) is then the extremized area from the following functional of x(θ),
Without losing generality we assume θ 0 < π/2. The most general form of the solution derived from the action (2) is difficult to find, but one can check the following function satisfies the Euler-Lagrange equation from (2) for any d [29] :
This solution is related through a conformal transformation to the hemisphere solutions of a spherical-shape entangling surface in Poincaré coordinates. We may call them constantlatitude solutions because sin x cos θ = a. Since the boundary is at x = π/2, we have a = cos θ 0 . These curves are plotted in Fig.1a , using x as the radial coordinate.
We will consider small deformations of AdS background and see how the minimal area solutions (3) changes accordingly. Instead of the original parametrization, we find that it is more advantageous to use the following variables.
z := cos θ, ρ := sin x .
Then the area functional becomes
To calculate HEE we need to substitute the solution ρ = a/z back into (5), and perform the integral. As it is usually the case with AdS/CFT, the integral is divergent near the boundary x = π/2 and a regularization process is required. We introduce a cutoff at x m = π/2 − .
When applied to the reference solution (3),
We list the result of regularized HEE for spherical entangling surface in various dimensions as a series expansion in in Table. I. The result for pure AdS corresponds to M = 0 cases in Table I , and M = 0 cases will be discussed in Sec.III A. As it is well known the leading-order divergent terms exhibit the area law. When the boundary theory is even-dimensional, i.e.
d is even it also contains logarithmic divergence, whose coefficient is universal and related to the central charge [4, 30, 31] .
B. Metric perturbations and HEE
We consider small metric perturbations around AdS, and see the change in the calculated results of HEE. For simplicity and concreteness, we restrict our attention to time-dependent but spherically symmetric backgrounds. The form of the metric we employ is as follows,
The pure AdS metirc is recovered for A = 1 and δ = 0. We note that this metric ansatz was used in e.g. [32] for the study of dynamical instability of gravity in AdS. Indeed, after we obtain the formulae for perturbed HEE we will employ them to the perturbatively obtained time-periodic solutions reported in [27, 28, 33] . In terms of new variables ρ = sin x, z = cos θ and treating both ρ, t as functions of z, the area functional (5) is now generalized to
Here as shorthand we introduced
where λ is the perturbation parameter of the metric. The minimal-area surface for RyuTakayanagi formulae is also to be determined perturbatively. In general the solutions are expanded in λ,
At fixed order of λ, the configuration functions ρ n (z), t n (z) should satisfy certain secondorder inhomogeneous differential equation. One can easily convince oneself that the homogeneous part is independent of n, so the homogeneous solutions t h1 , t h2 and ρ h1 , ρ h2 are the same for all n. Then it is a basic property of ordinary differential equations that particular solutions can be constructed in terms of the homogeneous solutions and their Wronskians, W t (z) and W ρ (z), as follows.
Here
ρ (z) are inhomogeneous parts for t n (z) and ρ n (z). To completely determine the solutions t n (z), ρ n (z), we need to specify the boundary conditions. From obvious physical reasoning, we demand they vanish at z = a, and have finite values at z = 0. Another comment is that since t(z) is trivial at O(λ 0 ), the perturbation of g tt , or Φ n , do not incur any change at the leading nontrivial order O(λ). This will be shown more explicitly in the following subsections.
III. EXAMPLES A. HEE in AdS-Schwarzschild
Let us now take Schwarzschild black holes in AdS backgrounds. The metric is given by
where
. M is the mass parameter of the black hole. Following the standard procedure, the black hole mass M is related to the temperature, through the Wick rotation τ = it and requiring the resulting Euclidean geometry to be free from a conical singularity. Denoting the position of the horizon by the largest root of f d (r + ) = 0, the temperature and the entropy of the black hole are given as follows
Since we plan to use perturbation expansion, we assume M is small and the horizon is
For M = 0 the area integral is now
Note that since the metric is static the equation for t(z) is trivial and we can set it to a constant. We are interested in the correction terms to Area(θ 0 ) given for pure AdS in the Table I . On general grounds we of course expect that the minimal area surface cannot penetrate to the interior of the black hole and there should be a phase transition [34] , but here we will compute the small correction terms when the cap-like entanglement subspace is small.
Perturbative calculation of HEE for AdS 4 -Schwarzschild
Let us start with the case of AdS 4 . The integrand of the action functional (18) is now
We treat M as a small parameter and consider a small perturbation away from constantlatitude solution:
Upon expansion of the equation of motion from (19) , one notes that ρ 1 (z) should satisfy the following inhomogeneous linear second-order differential equation,
We recall that the general solution of an equation
is, in terms of homogeneous solutions u 1 , u 2 and their Wronskian W = u 1 u 2 − u 1 u 2 , given as
Using the fact that the homogeneous solutions of (21) are
of entangling surface at θ = θ 0 ), we obtain
Now we evaluate the on-shell value of the action. We introduce a cutoff at x = π/2 − or
). The result is that the perturbative terms do not change the divergent part and gives only the following finite contributions.
One can obviously repeat the above computation in higher dimensional black holes. The results are summarized in Table I . Note that for small entangling region a → 1(θ 0 → π/2) and the parts dependent on M vanish. It is natural since in that case the RyuTakayanagi surface is also very small and the correction from the change of the metric should be negligible.
B. HEE in quasi-periodic backgrounds
Let us now turn to time-dependent backgrounds. We will consider here the sphericallysymmetric, time-periodic solutions in the AdS-scalar system, constructed first in [27] and developed further in [28, 33] . In the metric (7), a massive scalar field equation reduces to
Here the mass of the scalar field is m 2 = ∆(∆−d)/ 2 . The Einstein equation in the presence of matter field excitation reduces to the following equations.
For a perturbative approach, one can first consider a small fluctuation of the scalar field φ ∼ O(ε) and solve (26) in pure AdS, i.e. A = 1, δ = 0. The eigenmodes are in general given in terms of Jacobi polynomials of u = cos x. In the next step the scalar configuration is substituted to (27) and (28) . Integrating these equations, one immediately obtains A, δ up to O(ε 2 ). Then this updated background is in turn used in (26) to get the scalar field up to O(ε 3 ). This procedure can be in principle repeated to arbitrarily higher orders to construct solutions analytically. One notable feature of this system is resonance and cancellation of secular terms. The solutions of (26) in pure AdS background are equipped with integervalued frequency, and at higher-orders in perturbation the inhomogeneous terms in general can contain secular terms which lead to linear growth of amplitude in time. However, if one starts with a single mode at O(ε), it turns out the secular terms always cancel and the only non-trivial effect is the shift of the frequency as a function of ε. The requirement that the frequency as a series expansion in ε should converge puts an upper limit on the numerical value of ε. It is also worth noting that, at least at the first non-trivial order of nonlinearity O(ε 3 ), one can show generically certain kinds of secular terms always cancel with each other which implies the existence of additional conserved quantities [35, 36] .
We can use the area integral in (8), with the identification of perturbation parameter λ = ε 2 . Among the solutions reported in [28] , we will for definiteness consider AdS 5 case.
When the scalar field is massless for instance, at O(λ) the metric is given as (u = cos
A(t, u) = 1 − λ 2u
Then the equation for ρ 1 (z) is
When we solve this equation with appropriate boundary condition, we find
Note that the minimal area configuration now contains dependence on boundary time t 0 .
We can do the same computation with t 1 (z).
One notable difference from the equation for ρ 1 (z) is that there is no linear term in t 1 (z).
This means one of the homogeneous solutions is just constant. The solution with the correct boundary condition turns out to be
Now we can substitute these results into the expression for HEE. The result is
• Massless scalar field (∆ = 4)
where we again introduced a cutoff at the boundary z = a to regularize the area. We have also calculated the entanglement entropy for massive scalar fields. Here we will just record the perturbation results at order O(λ).
• ∆ = 3
• ∆ = 2
To help understanding the change of the minimal-area surface in time, we plotted the change of the point at θ = 0 as a function of time in Fig.2 . It is obvious from Fig.1a that for each curve, θ = 0 is the closest point to the center of AdS. Holographically speaking, θ = 0 points are thus the most IR point we can probe using HEE. Note that the perturbative computations are valid for small θ 0 region, i.e. when the cap-like regions are small. The curves in Fig.2 represent how much the HEE curves are pushed away from the AdS origin, compared to the constant-latitude curve (3), due to the stress-energy tensor turned on by the nontrivial scalar field configuration. Another way of interpreting the time-dependence 
The change of the point at θ = 0 at different times. of our metric is that it should be at least qualitatively similar to the formation of black hole, due to a collapse of spherical shell. What we see in Fig.2 is the change of HEE in time, as a spherically symmetric shell starts from AdS infinity and shrinking to a point at the AdS center. We clearly see in Fig.2 that x * − x 0 is smaller for ∆ = 3, when compared to ∆ = 4 case. It agrees with our intuition that when the scalar field is less massive (and more tachyonic), the effect on the gravitational system should be weaker and eventually the push-away effect should be also weaker.
IV. ENTANGLEMENT TEMPERATURE
One encounters a relation similar to the thermodynamical first law from the entanglement entropy in a small subsystem with excitations [26, [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . Namely, the change of entanglement entropy and the energy are linearly related, and the entanglement temperature is defined as T ent ∆S A = ∆E A . Since we consider small fluctuations and small entangling regions in this paper, let us also compute the entanglement temperature. We already computed ∆S A , so we only need to compute the change of energy ∆E A . It turns out that, for a small entangling region A, the entanglement temperature T ent is proportional to the inverse size of the subsystem, and the proportionality coefficient is determined by the shape of the entangling region and independent of the strength of the fluctuation. We take AdS 5 case for concreteness, but obviously the computation can be easily repeated in other dimensions.
A. AdS-Schwarzschild black hole
In terms of Fefferman-Graham coordinates, asymptotically AdS metric is written as
Then (15) is rewritten as follows [48] ,
, and α 3 =
1+4M 16
. The new holographic coordinate and z is defined
Expanding the induced metric γ ab near the AdS boundary (z = 0), one gets
Then the stress tensor of the boundary theory is given by [49, 50] 
which upon substitution of (38) becomes
pure five-dimensional AdS spacetime (Casimir energy), and the second term is fluctuation energy for small black hole mass. At r = ∞ (z = 0) the metric (15) the boundary metric approaches R × S 3 . The energy is given by
where a = cos θ 0 and we have set = 1. Combining ∆E A and ∆S A and expand for small θ 0 angle, we obtain
B. AdS-Scalar systems
To compute the boundary stress tensor for AdS-scalar systems we employ the method used in [51] . Let M be the spacetime manifold with time-like boundary ∂M. The induced metric on the boundary is γ µν = g µν − n µ n ν , where n µ is the outward-pointing normal vector normal to ∂M. The extrinsic curvature on ∂M is then Θ µν = −γ ρ µ ∇ ρ n ν . In five-dimensions, the Einstein action including the boundary term is given by
where Θ is the trace of the extrinsic curvature of the boundary. The boundary stress tensor is given by
We need to regularize this action, and introduce a reference background metric g 0 µν which asymptotically agrees with g µν on the boundary. The regularized action in this subtraction scheme is given byÎ = I(g) − I 0 (g 0 ) and a finite stress tensor is given by [52] 
The stress tensor T ab in the field theory is given, following the standard AdS/CFT dictio-
where h ab is the background metric for the field theory spacetime.
For our ansatz (7), the normal vector to the surface at x = x 0 is
In the standard ADM decomposion of the metric we read off
where i, j = 1, 2, 3 andγ ij is the metric on a unit 3-sphere. The computation is then straightforward, and we obtainτ
Finally using the relation (48) one arrives at
which obviously gives the same entanglement temperature as (44) . For the massive scalar fields ∆ = 3, 2 we have checked that the results are always the same as (44) , verifying the statement in [37] that the proportionality coefficient for entanglement entropy as a function of the subsystem size should be universal and does not depend on the details of the excitations.
V. DISCUSSIONS
In this paper, we have calculated the holographic entanglement entropy (HEE) perturbatively in the backgrounds which are small deformations of AdS vacuum. More concretely, we considered Schwarzschild black holes, and also harmonically driven time-dependent backgrounds. We chose the entanglement region to be cap-like ones around north pole of the boundary space. The motivation of this work was to see how small excitations in the gravity side manifest itself in HEE. Our observation is that the metric perturbation around the AdS vacuum does not affect the divergent terms and the change is in the finite part, as one expands with respect to the regularization parameter. We also considered the entanglement thermodynamics and computed the entanglement temperature for small sub-systems. This result is consistent with Ref. [37] , where it was argued that the entanglement temperature should exhibit a universal feature which is proportional to the inverse size of the system.
We have used the methods proposed in [49, 51] to compute the boundary stress tensor and obtained the thermodynamic first-law like relation. We have checked that the proportional factor has always the same value for the system considered in this paper.
As a final comment, it would be also interesting to extend the study of time-dependent background and compute another thermodynamic quantity, the so-called entanglement pressure, which further generalizes the first law of thermodynamics for quantum entanglement [38] . 
